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We onsider the interations of a strong gravitational wave with eletromagneti elds using
the 1+3 orthonormal tetrad formalism. A general system of equations are derived, desribing the
inuene of a plane fronted parallel (pp) gravitational wave on a old relativisti multi - omponent
plasma. We fous our attention on phenomena that are indued by terms that are higher order in
the gravitational wave amplitude. In partiular, it is shown that parametri exitations of plasma
osillations takes plae, due to higher order gravitational non - linearities. The impliations of the
results are disussed.
I. INTRODUCTION
There have been numerous investigations on the sattering of eletromagneti waves o gravitational elds (see Refs.
[1,2℄). Previous researh has mostly direted its interest towards the eets on vauum eletromagneti elds (although
there are exeptions, see e.g. Refs. [3,4℄, where the eets of plasmas have been taken into aount). Similarly, muh
work onerning gravitational waves have onsidered the linearized theory, whih is obviously the relevant regime for
gravitational wave detetors, or, in general, for distanes far away from the gravitational wave soure. Alternatively,
there has been an interest in exat solutions, and thus a number of exat gravitational wave solutions (see e.g. Ref.
[5℄ and referenes therein) have been found. In the present paper we will hoose an intermediate approah, starting
with an exat gravitational wave solution, but fousing on a weak amplitude (but still non - linear) approximation,
and studying the eets indued in a plasma.
The question under study in this paper is whether non - linear gravitational wave eets  that may be of signiane
lose to the gravitational wave soure  an give rise to qualitatively new phenomena in plasmas that are absent
in linearized theory. Close to the soure, additional eets apart from non - linearities  due to for example the
three dimensional geometry and/or the non - radiative part of the gravitational eld  are likely to be important
for astrophysial appliations. However, in order to fous on the proesses diretly indued by non - linearities, a
somewhat simpler model problem with a unidiretional gravitational wave will be studied: To failitate the analysis
of the non - linear interation between a plasma and a gravitational wave, we make use of the pp -wave solution of
Einstein's eld equations. Furthermore, we introdue a Lorentz tetrad in order to dene physial variables in a
straightforward manner. With this setup, the governing plasma equations an be written in a simple 3 - dimensional
form. In Maxwell's equations, the gravitational eets are given by eetive harge- and urrent densities. Moreover,
the uid equations are given for a old plasma.
Previously, parametri exitation of a Langmuir wave and an eletromagneti wave by a linearized gravitational
wave has been onsidered [6℄. Here we address the question whether higher order terms in the gravitational wave
amplitude an result in new eets, using the above mentioned equations for a old plasma. In order to demonstrate
the usefulness of our set of equations, we study the stability properties of a plasma in the presene of a pp - wave. We
show that inluding 2nd order gravitational wave eets may give rise to new phenomena. In partiular it is found
that eletrostati waves an be exited at a resonant surfae where the gravitational wave frequeny is equal to the
loal plasma frequeny. Our results are summarized and disussed in the last setion of the paper.
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II. PRELIMINARIES
A. Equations for a general spae-time
We follow the approah presented in [3℄ for handling gravitational eets in Maxwell's equations. Suppose an
observer moves with 4-veloity ua (a = 0, ..., 3). This observer will measure the eletri and magneti elds [7℄
Ea ≡ Fabu
b , Ba ≡
1
2 ǫabcF
bc , (1)
respetively, where Fab is the EM eld tensor. Here ǫabc is the volume element on hyper - surfaes orthogonal to u
a
.
We denote the uid veloity V a ≡ (γ, γv), where γ ≡ (1 − v2)−1/2. Let q be the partile harge and n the proper
number density. Furthermore, we introdue the orthonormal frame (ONF) {ea, a = 0, ..., 4}, eah of whih is a linear
ombination of the oordinate derivatives ∂i ≡ ∂/∂x
i
, i.e., ea = ea
i∂i. Using the split (1) together with j
a = qnV a,
Maxwell's equations ∇bF
ab = ja, ∇[aFbc] = 0 read
∇ · E = ρ
E
+ ρ , (2a)
∇ ·B = ρ
B
, (2b)
E˙ −∇×B = −j
E
− j , (2)
B˙ +∇× E = −j
B
, (2d)
where the eetive (gravity indued) harge densities and urrent densities are
ρ
E
≡ −ΓαβαE
β − ǫαβγΓ0αβBγ , (3a)
ρ
B
≡ −ΓαβαB
β + ǫαβγΓ0αβEγ , (3b)
jα
E
≡ −(Γα0β − Γ
α
β0)E
β + Γβ0βE
α − ǫαβγ
(
Γ0β0Bγ + Γ
δ
βγBδ
)
, (3)
jα
B
≡ −(Γα0β − Γ
α
β0)B
β + Γβ0βB
α + ǫαβγ
(
Γ0β0Eγ + Γ
δ
βγEδ
)
, (3d)
while ρ ≡
∑
p.s. qγn and j ≡
∑
p.s. qγnv are the matter harge and urrent densities, respetively (the sums are over
all partile speies). Here Γabc are the Rii rotation oeients with respet to the ONF {ea}. We have introdued
the notation E ≡ (Eα) = (E1, E2, E3) et., ∇ ≡ (e1, e2, e3), and the overdot stands for derivative in the diretion of
the time-like vetor e0. The dot- and ross - produts are dened in the usual Eulidean way.
The energy -momentum tensor for eah partile speies is assumed to take the form of pressure free matter (dust),
T ab = mnV aV b, where m is the rest mass of the partiles. Then the onservation equations ∇bT
ab = qnF abVb give
e0(γn) +∇·(γnv) = −γn
(
Γα0α + Γ
α
00vα + Γ
α
βαv
β
)
, (4a)
(e0 + v · ∇) γv =
q
m
(E + v × B)− γ
[
Γα00 + (Γ
α
0β + Γ
α
β0) v
β + Γαβγv
βvγ
]
eα . (4b)
B. Basi relations in the eld of a pp - wave
Previous examinations of interations between gravitational radiation and EM waves have foused on linearized
gravitation. On the other hand, one may suspet that there will be interesting eets in the non - linear regime, not
present to linear order. Below we will show that this is indeed the ase.
In order to address the issue of how strong gravitational radiation may be involved in generation of EM waves, we
look at the plane fronted parallel (pp) waves (for a disussion, see Refs. [8℄), in the speial ase of a linearly polarized
plane wave
ds2 = −dt2 + a(u)2 dx2 + b(u)2 dy2 + dz2 , (5)
where u = z− t, and a and b satisfy abuu+auub = 0, and the subsript u denotes a derivative with respet to retarded
time. Note that we have hosen a vauum geometry, i.e. we have omitted the inuene of the plasma on the metri.
In order to make interpretations simple, we introdue the anonial Lorentz frame
e0 = ∂t , e1 = a
−1∂x , e2 = b
−1∂y , e3 = ∂z . (6)
2
With this frame, the eetive harge and urrent densities (3) read
ρ
E
= −(ln ab)uE
3 , (7a)
ρ
B
= −(ln ab)uB
3 , (7b)
j
E
= −(ln b)u(E
1 −B2) e1 − (ln a)u(E
2 +B1) e2 − (ln ab)uE
3 e3 , (7)
j
B
= −(ln b)u(E
2 +B1) e1 + (ln a)u(E
1 −B2) e2 − (ln ab)uB
3 e3 . (7d)
Apart from Maxwell's equations (2a)(2d) [together with the eetive harge and urrent densities (7a)(7d)℄ we
also need the uid equations. From the onservation equations (4) we obtain, the uid equations using the frame (6):
∂
∂t
(γn) +∇·(γnv) = γn(ln ab)u(1 − v‖) , (8a)(
∂
∂t
+ v · ∇
)
γv =
q
m
(E + v × B) + γ [(ln a)uv1e1 + (ln b)uv2e2] (1− v‖) + γ
[
(ln a)uv
2
1 + (ln b)uv
2
2
]
e3 , (8b)
where v‖ ≡ v3 is the veloity parallel to the gravitational wave propagation diretion. These equations should be
satised for eah partile speies. In the limit of small gravitational wave amplitudes and non - relativisti veloities,
Eqs. (7)(8), together with Maxwell's equations, were given in Ref. [3℄. All terms with fators (ln ab)u are however
new, and  as we will demonstrate in the remainder of this artile  they may indue new phenomena, ompared to
the linear regime.
III. AN EXAMPLE: PARAMETRIC EXCITATION OF PLASMA OSCILLATIONS
The longitudinal urrents and harges are seond order in the gravitational wave amplitude (see Appendix
for further details). These seond order terms an give rise to qualitatively new phenomena ompared to the linear
regime, and we demonstrate this by onsidering a simple, but illustrative, example. In what follows, we will investigate
longitudinal perturbations, i.e., E = (0, 0, E), v = (0, 0, v) et., around a old one-omponent equilibrium plasma.
Compared to the ase of weak gravitational waves [3℄, we now have ρ
E,B
dierent from zero, and we also have a
longitudinal ontribution to the eetive urrents. This means that longitudinal EM- and plasma waves an be
exited.
In the unperturbed plasma, ∂n0/∂t = 0, E0 = 0, and B0 = 0 [9℄. We denote the number density perturbation
by n¯, i.e., n(z, t) = n0(z) + n¯(z, t) and assume that all perturbed quantities only depend on t and z. To rst order,
Maxwell's equation (2) beomes
∂E
∂t
= (ln ab)uE − µ0qn0v , (9)
where we have used jm = qn0v. Furthermore, the momentum equation (8b) beomes
∂v
∂t
=
q
m
E . (10)
Taking the time derivative of Eq. (9) and using Eq. (10), we obtain
∂2E
∂t2
+ ω2p(z)E =
∂
∂t
[(ln ab)uE] , (11)
where ωp(z) = [n0(z)q
2µ0/m]
1/2
is the loal plasma frequeny. Thus the left hand side is the usual equation for
plasma osillations in a old inhomogeneous plasma, and the right hand side is the modiation indued by the the
pp -wave. We next fous ourselves on weak periodi deviations from at spae-time (see the Appendix), where the
periodiity is 2π/ω. At the resonant surfae where ωp(zres) = ω, we an then have parametri exitation of plasma
osillations. We let E(zres, t) = Eˆ(t) exp [−iωt] + c.c., where c.c. denotes the omplex onjugate, and assume that
|∂Eˆ(t)/∂t| ≪ ω|Eˆ(t)|. At the resonant surfae Eq. (11) then redues to
dEˆ
dt
= − 12 i exp (2iωzres)ωhˆ
2Eˆ∗ , (12)
3
where the star denotes omplex onjugate (see the Appendix). Taking the time-derivative of Eq. (12) and using the
omplex onjugate of the same equation, we nd Eˆ ∝ exp(Γt) where the growth rate is
Γ = 12ω|hˆ
2| . (13)
Note that the threshold value for exitation is zero, sine we have not inluded any dissipation mehanism of the
plasma osillations. Adding eletronion ollision in Eq. (8b), the threshold value hˆthr of this instability is of the
order (νe−i/ωp)
1/2
, where νe−i is the eletronion ollision frequeny.
Clearly, our instability does not our unless higher order gravitational perturbations are inluded, in ontrast to
the results in Ref. [6℄. Thus the orresponding growth rate is smaller in our ase for a given soure of gravitational
radiation. There are still two interesting properties of the above instability as ompared to the proess in Ref. [6℄,
where parametri exitation of a Langmuir wave and an eletromagneti wave was onsidered:
(i) The frequeny mathing ondition in our ase is ω = ωp, whih requires a rather high gravitational frequeny
[10℄, but is less severe than the ondition in Ref. [6℄, where ω ≥ 2ωp.
(ii) In ontrast to most parametri instabilities in plasmas we have no wave vetor mathing ondition, but instead
the proess takes plae at a loalized resonane surfae z = zres where ω = ωp(zres). This means that there is no
threshold value for the instability introdued by plasma inhomogeneities. Normally the threshold value is inversely
proportional to the inhomogeneity sale length [11℄, and lose to a binary system, where the eets of gravitational
radiation are likely to be most important, suh a ondition for parametri exitation may thus be rather severe.
Unfortunately, the result of the no inhomogeneity threshold depends on the old plasma approximation, and a nite
temperature is likely to hange the piture.
IV. SUMMARY AND DISCUSSION
In the present paper we have investigated a higher order eet of gravitational waves on a plasma. For this purpose
we have developed a Lorentz tetrad formalism for a old plasma in the presene of a strong gravitational wave. The
Lorentz tetrad approah has of ourse been widely used before, perhaps most notably in the membrane paradigm
approah to blak hole spaetimes [2℄. The obvious advantage of using a Lorentz tetrad is its diret onnetion to
measurements. It is possible to formulate Maxwell's equations suh that the gravitational ontributions takes the
form of harge- and urrent densities. Similarly, the uid equations are modied by eetive partile soures and
gravitational fores. Of ourse, this is not the physial piture behind the equations, but it still provides a useful tool
for prediting the onsequenes of the gravitational inuene.
The main purposes of this study has been to (i) provide a framework for investigating strong gravitational pulse
eets in old multi - omponent plasmas, and (ii) to show that higher order gravitational wave eets may be of
importane, sine they introdue eetive harges and longitudinal urrents, as well as eetive partile soures
and gravitational fores. As demonstrated, this in turn makes new proesses  suh as parametri generation of
eletrostati waves  possible. Sine the eet under disussion is of order hˆ2, we do not believe that it will be of
signiane onerning diret earth based observations of gravitational waves. It is possible however that there exists
favorable irumstanes, e.g. lose to a binary merger, for whih the higher order gravitational eetive harge- and
urrent densities an play an important role. Close to suh soures, the gravitational wave amplitudes an reah
onsiderable strength, implying observational possibilities for the indued phenomena.
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APPENDIX: PERTURBATIVE EXPANSION OF THE PP -WAVE
In many situations of interest the gravitational wave amplitude is small, i.e. |a− 1| ≪ 1, |b− 1| ≪ 1 and it is
appropriate to make approximations for the fators (ln a)u, (ln b)u and (ln ab)u that appears in the gravitational soure
terms in Eqs. (7) and (8). We will onentrate on approximately periodi gravitational waves, suh as those generated
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by binary systems, in order to get denite results. Let a(u) =
∑∞
n=−∞ aˆn exp(inωu), b(u) =
∑∞
n=−∞ bˆn exp(inωu),
where aˆn, bˆn ≪ 1, |aˆn| ∼ |bˆn| ∼ |aˆ1|
|n|
, ∀ n. Furthermore aˆ∗n = aˆ−n and similarly for b. Then auub+abuu = 0 beomes
∞∑
n=−∞
∞∑
m=−∞
(n2 +m2)aˆnbˆm exp[iω(n+m)] = 0 . (A1)
To 0th order, we assume that aˆ0 = 1 = bˆ0. To rst order, the solution to Eq. (A1) is aˆ1 = −bˆ1 ≡ hˆ. Clearly, quadrati
non - linear terms will generate seond harmoni terms proportional to exp(2iωu). Separating the frequenies in Eq.
(A1), and onentrating on the seond harmoni part we obtain
2bˆ2 + 2aˆ2 − hˆ
2 = 0 . (A2)
The anonial hoie is aˆ2 = bˆ2 = (1/4)hˆ
2
. Physially this means that we minimize the (pseudo) energy density at
the seond harmoni frequeny. Thus  for this hoie  all the osillations at 2ω are stritly due to the non - linearity
of Einstein's equations, and no harmonis are assumed to be initially present, i.e. generated by a varying otopole
moment of the binary soure. For astrophysial appliations this is not neessarily the most aurate hoie (sine
binary systems may indeed have nite otopole moments), but it has the advantage of learly isolating the eets due
to non - linearities. Furthermore, it turns out that inluding the eet of higher moments of the gravitational soure
(i.e. otupole moments and higher) do not inuene our alulations in Se. III. The reason is that an alternative
solution to Eq. (A2)  aˆ2 = (1/4)hˆ
2 + δaˆ2, bˆ2 = (1/4)hˆ
2 − δaˆ2, instead of bˆ2 = aˆ2 = (1/4)hˆ
2
 does not signiantly
aet the fator ln(ab)u, sine it is independent of δaˆ2 to seond order in the gravitational amplitude, provided
δaˆ2 ∼ hˆ
2
.
Continuing to 3rd order, a similar alulation shows that we an make the natural hoie aˆ3 = bˆ3 = 0. For the 4
th
order terms, Eq. (A1) gives
32(aˆ4 + bˆ4)− hˆ
4 = 0 . (A3)
where the anonial hoie aˆ4 = bˆ4 = (1/64)hˆ
4
is made. Continuing this proedure, it turns out that all terms odd in
n 6= 1 disappear, while the terms even in n satisfy aˆn = bˆn ∀ n.
Using the above results, the logarithmi fators in Eqs. (7) and (8) beome
(ln a)u = iωhˆ exp(iωu)−
1
2 iωhˆ
2 exp(2iωu) + 14 iωhˆ
3 exp(3iωu)− 116ωhˆ
4 exp(4iωu) + c.c (A4a)
(ln b)u = −iωhˆ exp(iωu)−
1
2 iωhˆ
2 exp(2iωu)− 14 iωhˆ
3 exp(3iωu)− 116ωhˆ
4 exp(4iωu) + c.c (A4b)
(ln ab)u = −iωhˆ
2 exp(2iωu)− 18ωhˆ
4 exp(4iωu) + c.c (A4)
to 4th order in the gravitational amplitude. This proedure may of ourse be ontinued to arbitrary order, noting
that this in general will result in an asymptoti series, i.e., it does not neessarily onverge towards a solution of
auub+ abuu = 0.
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